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Abstract

Supply chain disturbances can lead to substantial increases in production costs. To mitigate
these risks, firms may take steps to reduce their reliance on volatile suppliers. We construct a
model of endogenous network formation to investigate how these decisions affect the structure
of the production network, and the level and volatility of macroeconomic aggregates. When
uncertainty increases in the model, producers prefer to purchase from more stable suppliers,
even though they might sell at higher prices. The resulting reorganization of the network leads
to less macroeconomic volatility, but at the cost of a decline in aggregate output. The model
also predicts that more productive and stable firms have higher Domar weights—a measure of
their importance as suppliers—in the equilibrium network. We calibrate the model to U.S. data
and find that the mechanism can account for a sizable decline in expected GDP during periods

of high uncertainty like the Great Recession.
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1 Introduction

Firms rely on complex supply chains to provide the intermediate inputs that the need for pro-
duction. These chains can be disrupted by natural disasters, trade barriers, changes in regulations,
congestion in transportation links, etc. Such shocks to individual firms or sectors can propagate to
the rest of the economy through input-output linkages, resulting in aggregate fluctuations. How-
ever, individual firms may also take steps that mitigate such propagation by reducing their reliance
on risky suppliers. In this paper, we study how this kind of mitigating behavior affects an economy’s
production network and, through that channel, macroeconomic aggregates.

Supply chain disruptions are one of the key challenges that managers face in operating their
business, and firms devote substantial resources in mitigating these risks. In a survey by Wagner and
Bode (2008), business executives in Germany reported that supply chains issues were responsible
for significant disruptions to production. Similarly, the Zurich Insurance Group (2015) conducted a
global survey of executives in small and medium enterprises and found that, of all the respondent,
39% reported that losing their main supplier would adversely affect their operation, and 14%
reported that they would need to significantly downsize their business, require emergency support
or shut down. In addition, there is a large literature in operations research that documents the
important impact of supply chain risk on firms’ operations (see Ho et al. (2015) for a review).

The COVID-19 pandemic provides a good example of how uncertainty can affect supply re-
lationships. After the onset of the pandemic, many firms realized that their supply chains were
exposed to substantially more risk than they thought. In a recent survey of business executives,
seventy percent agreed that the pandemic had pushed companies to favor higher supply chain re-
siliency instead of purchasing from the lowest-cost supplier. Many also reported that they plan to
diversify their supply chains across suppliers and geographies to mitigate risk.!

To investigate whether the concerns expressed by managers translate into actions, we combine
data on firm-to-firm input-output relationships in the United States with measures of stock price
volatility, which serve as a proxy for uncertainty. We then regress a dummy variable that equals one
in the last year of a relationship on the change in the supplier’s stock price volatility. The results
are presented in column (1) of Table 1. In column (2), we follow Alfaro, Bloom, and Lin (2019)
and address potential endogeneity concerns by instrumenting with industry-level exposure to ten
aggregate sources of uncertainty shocks. Finally, in column (3), we use changes in volatility implied
by option prices as measure of uncertainty shocks. In all cases, we find a positive and statistically
significant relationship between supplier volatility shocks and the end of the supply relationship,
which is consistent with buyers moving away from riskier suppliers. The effect is also economically

large with a doubling in volatility associated with a 12 percentage point increase in the likelihood

!Survey by Foley & Lardner LLP, available online at https://www.foley.com/-/media/files/insights/
publications/2020/09/foley-2020-supply-chain-survey-report-1.pdf.
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Table 1: Link destruction and supplier volatility

Dummy for last year of supply relationship

(1): OLS (2): IV (3): IV
AVolatility,_; of supplier 0.026™* 0.097*** 0.144**

(0.010) (0.029) (0.064)
1st moment 10I1V;_; of supplier No Yes Yes
Type of volatility Realized Realized Implied
Fixed effects Yes Yes Yes
Observations 35,629 35,620 26,195
F-statistic — 39.0 23.2

Notes: Table presents OLS and 2SLS annual regression results of firm-level voltality. The dependent variable is a dummy variable that equals one
in the last year of a supply relatonship and zero otherwise. The production network data comes from the Factset Revere database and covers the
period from 2003 to 2016. We limit the sample to relationships that have lasted at least five years. Supplier AVolatility, ; is the l-year lagged
change in supplier-level volatility. Realized volatility is the 12-month standard deviation of daily stock returns from CRSP. Implied volatility
is the 12-month average of daily (365-day horizon) implied volatility of at-the-money-forward call options from OptionMetrics. As in Alfaro
et al. (2019), “we address endogeneity concerns on firm-level volatility by instrumenting with industry-level (3SIC) non-directional exposure to
10 aggregate sources of uncertainty shocks. These include the lagged exposure to annual changes in expected volatility of energy, currencies, and
10-year treasuries (as proxied by at-the-money forward-looking implied volatilities of oil, 7 widely traded currencies, and TYVIX) and economic
policy uncertainty from Baker et al. (2016). [...] To tease out the impact of 2nd moment uncertainty shocks from 1st moment aggregate shocks
we also include as controls the lagged directional industry 3SIC exposure to changes in the price of each of the 10 aggregate instruments (i.e., 1st
moment return shocks). These are labeled 1st moment 10IV;_;.” See Alfaro et al. (2019) for more details about the data and the construction
of the instruments. All specifications include year X customer Xsupplier industry (2SIC) fixed effects. Standard errors (in parentheses) are two-way
clustered at the customer and the supplier levels. F-statistics are Kleibergen-Paap. *,** ,*** indicate significance at the 10%, 5%, and 1% levels,
respectively.

that a relationship is destroyed, according to the IV estimates.?

Motivated by this evidence, we construct a macroeconomic model of endogenous network for-
mation to investigate how uncertainty affects firms’ sourcing decisions and how, in turn, these
decisions affect the macroeconomy. In the model, each firm produces a differentiated good that can
be consumed by a representative household or used as an intermediate input by another producer.
Firms can produce their good in different ways, which we refer to as production techniques. A
technique is a production function that specifies which intermediate inputs to use and how these
inputs are to be combined. Techniques can also differ in terms of productivity. When choosing a
production technique, a firm can marginally adjust the importance of a supplier or drop that sup-
plier altogether. As a result, these decisions, when aggregated, lead to changes in the production
network along both the intensive and extensive margins.

After production techniques have been chosen, firms are subject to random productivity shocks.
They can then adjust how much they produce and the quantity of inputs that they use, subject
to the constraints imposed by their selected technique. Competitive pressure between producers
implies that the productivity shocks, as they affect production costs, are reflected in prices. Since
firms are owned by the representative household, they compare profits across states of the world
using its stochastic discount factor and inherit the household’s valuation of risk.

Importantly, in our setting firms’ beliefs about the distribution of firm-level productivities can

2The specifications in Table 1 follow Alfaro et al. (2019). See note below the table and Appendix A for more
details about the data and this exercise.



influence their choice of production technique and, thus, the structure of the production network.
For instance, while a firm would generally prefer to purchase from a more productive firm, it might
decide not to do so if this firm is also more risky. A more productive firm would, through competitive
pressure, sell at a lower price on average, but if it is also more risky, it is more likely to suffer from
a large negative productivity shock, in which case its price would rise substantially. Potential
customers take this possibility into account and balance concerns about average productivity and
stability when choosing a production technique.

As an example, consider a car manufacturer that must decide what materials to use as inputs. If
carbon fiber prices are expected to increase or to be more volatile, it may instead use steel for some
components. If the change is large enough, it may switch away from using carbon fiber altogether,
in which case the link between the car manufacturer and carbon fiber suppliers would disappear.

We prove that there always exists an efficient equilibrium in this environment, so that the implied
equilibrium production network can be understood as resulting from a social planner maximizing
the utility of the representative household. That network thus optimally balances a higher level of
expected GDP against a lower variance, with the relative importance of these two objectives being
determined by the household’s risk aversion. We further show that in the efficient equilibrium the
importance of a sector (as measured by its sales share or Domar weight) increases in response to
(i) an increase in the expected value of its productivity, or (ii) a decrease in the variance of its
productivity.

The model features a novel mechanism through which uncertainty can lower expected aggregate
output. In the presence of uncertainty, firms prefer stable input prices and, as a result, move away
from suppliers that are expected to be the most productive in favor of producers that are less
susceptible to risk. This flight to safety implies that less productive producers gain in importance,
and aggregate productivity and GDP fall as a result. On the flip side, this supply chain reshuffling
leads to a more resilient network that dampens the effect of sectoral shocks and reduces aggregate
fluctuations.

Our model also makes some surprising predictions about the impact of productivity on aggregate
quantities. While an increase in expected productivity or a decline in volatility always have a
positive effect on welfare, their impact on expected GDP can under some circumstances be the
opposite of what one would expect. For instance, an increase in expected productivity can lead to
a decline in expected GDP, so that Hulten’s (1978) theorem does not hold in expectations, even
as a first-order approximation. To understand why, consider a firm with (on average) low but
stable productivity. Its high output price makes it unattractive as a supplier. But if its expected
productivity increases, its risk-reward profile improves, and other producers might begin to purchase
from it. Doing so, they might move away from more productive—but also riskier—producers and,
as a result, expected GDP might fall. We show that a similar mechanism is also at work for the

variance of shocks, such that an increase in the volatility of a firm’s productivity can lead to a



decline in the variance of aggregate output.

To evaluate the quantitative importance of allowing firms to adjust their production techniques
in response to changes in beliefs, we calibrate the model using sectoral data for the United States.
The model matches reasonably well salient properties of the US input-output structure, such as
the average and the standard deviation of sectoral Domar weights. The calibrated economy is also
able to replicate key data features that speak to the importance of beliefs for the structure of the
production network. In particular, we find that the Domar weight of a sector is positively correlated
with its expected productivity and negatively correlated with its volatility. This evidence suggests
that firms move away from uncertain suppliers in the data, as was predicted by the model.

We then use the calibrated model to evaluate the importance of the changing structure of
the production network for macroeconomic aggregates. For this exercise, we first compare our
baseline calibration with an alternative economy in which the production network is kept fixed, so
that firms cannot move away from suppliers that become unproductive or volatile. We find that
aggregate output is about 2.1% lower in this case, so that the endogenous response of the network
to productivity shocks has an important impact on welfare. This finding also suggests that policies
that impede the natural reorganization of the network (for instance, trade barriers) might have a
sizable adverse effect.

To isolate the impact of uncertainty, we also compare our calibrated model to an alternative
economy in which firms are unconcerned about risk when making sourcing decisions. While this
economy is similar to the calibrated one during normal times, significant discrepancies appear
during high-volatility periods, such as the Great Recession. During that episode, we find that firms
respond to uncertainty by moving to safer but less productive suppliers. Taken together, these
decisions lead to a 2.4% reduction in the volatility of GDP. The added stability comes however at
the cost of a 0.25% additional decline in expected GDP. Interestingly, this increase in resilience
pays off in our estimation as realized GDP in the economy in which firms disregard risk drops by
an additional 2.7% during the recession compared to our baseline model.

Our work is related to a large literature that investigates the impact of uncertainty on macroe-
conomic aggregates (Bloom, 2009, 2014; Bloom et al., 2018). In this paper, we propose a novel
mechanism through which uncertainty can lower expected GDP permanently. That mechanism
operates through a flight to safety process in which firms facing higher uncertainty switch to safer
but less productive suppliers, leading to lower but less volatile GDP. In a recent paper, David et al.
(2021) argue that uncertainty may lead capital to flow to firms that are less exposed to aggregate
risk, rather than to those firms where it would be most productive. In their model, as in ours,

uncertainty leads to lower aggregate output and measured TFP.?

3Fernandez-Villaverde et al. (2011) investigate the real impact of interest rate volatility for emerging economies.
Jurado et al. (2015) provide econometric estimates of time-varying macroeconomic uncertainty. Baker et al. (2016)
measure economic policy uncertainty based on newspaper coverage. Nieuwerburgh and Veldkamp (2006) and Fajgel-
baum et al. (2017) develop models in which uncertainty can have long-lasting impacts on economic aggregates.



There is a large and growing literature that studies how shocks propagate through produc-
tion networks, in the spirit of early contributions by Long and Plosser (1983), Dupor (1999) and
Horvath (2000). Acemoglu et al. (2012) derive conditions on input-output networks under which
idiosyncratic shocks result in aggregate fluctuations even when the number of producers is large.*
Acemoglu et al. (2017) and Baqaee and Farhi (2019a) describe conditions under which production
networks can generate fat-tailed aggregate output. Foerster et al. (2011) and Atalay (2017) study
the empirical contributions of sectoral shocks for aggregate fluctuations. The mechanisms studied
in these papers are also present in our model. Carvalho and Gabaix (2013) argue that the reduction
in aggregate volatility during the so-called Great Moderation (and its potential recent undoing) can
be explained by changes in the input-output network. In Carvalho and Gabaix’s model, the pro-
duction structure is taken as exogenous, and the volatility of sector-specific shocks is held fixed. In
our model, the input-output network endogenously responds to changes in sector-level volatility in
a manner that, ceteris paribus, reduces aggregate volatility.®

In most of the existing literature, Hulten’s (1978) theorem applies, so that sales shares are a
sufficient statistic to predict the impact of microeconomic shocks on macroeconomic aggregates. In
contrast, since firms can adjust production techniques ex ante in our model Hulten’s theorem is
not a useful guide to how shocks affect expected GDP, even as a first-order approximation.® An
increase in expected sectoral productivity can in fact even have a negative impact on expected
GDP.

Our paper is not the first to study the endogenous formation of production networks. Oberfield
(2018) considers an economy in which each firm must select one input and studies the emergence of
star suppliers. Acemoglu and Azar (2020) build a model of endogenous network formation in which
firms have multiple inputs and investigate its implications for growth. These papers focus on the
extensive margin of the network, i.e. on whether a link between two sectors or firms exists or not.
Taschereau-Dumouchel (2020) and Acemoglu and Tahbaz-Salehi (2020) study economies in which
the firms’ decisions to operate or not shape the production network. Lim (2018) constructs a model
to evaluate the importance of endogenous changes in the network for business cycles fluctuations
but does not study how the network adjusts to changes in uncertainty. Dhyne et al. (2021) build
a model of endogenous network formation and international trade. Boehm and Oberfield (2020)
estimate a network formation model using Indian micro data to study misallocation in the inputs

market. In our model, both the intensive and extensive margins are active.” To the best of

4Production networks are one mechanism through which granular fluctuations can emerge (Gabaix, 2011).

50ther works have looked at the importance of production networks outside of the business cycle literature. Jones
(2011) investigate their importance to explain the income difference between countries. Recent work that has studied
production networks under distortions include Baqaee (2018), Liu (2019), Bagaee and Farhi (2019b) and Bigio and
La’O (2020).

%Baqaee and Farhi (2019a) investigate departures from Hulten’s theorem due to higher-order effects of shocks.
Barrot and Sauvagnat (2016) and Carvalho et al. (2016) study the propagation of shocks after natural disasters.

T Atalay et al. (2011) show that a modified “preferential attachment” model can fit features of the U.S. firm-level
production network. Carvalho and Voigtlinder (2014) build a rule-based model of network formation to study the



our knowledge, it is also the first model in which uncertainty directly affects the structure of the
production network.

Several papers in the network literature endow firms with CES production functions, so that
the input-output matrix varies with factor prices. Our model generates endogenous changes in
the production network through a different mechanism, which is closer to Oberfield (2018) and
Acemoglu and Azar (2020). In contrast to the standard CES setup, our model allows links between
sectors to be created or destroyed. In addition, standard CES production network models do not
allow for uncertainty and beliefs to play a role in shaping the production network, and introducing
such mechanisms while keeping the model tractable is not straightforward.

The remainder of the paper is organized as follows. The next section introduces our model of
network formation under uncertainty. In Section 3, we first characterize the equilibrium when the
network is kept fixed. We then consider the full equilibrium with a flexible network in Section 4
and prove that an efficient equilibrium always exists. In Section 5, we describe the mechanisms
at work in the environment and explain how shocks propagate through the network. In Section 6,
we calibrate the model to U.S. data and quantitatively evaluate the importance of uncertainty on
the macroeconomy through its impact on the production network. The last section concludes. All

proofs are in Appendix D.

2 A model of endogenous network formation under uncertainty

We study the formation of production networks under uncertainty in a multi-sector economy.
Each sector is populated by a representative firm that produces a differentiated good that can be
used either as an intermediate input or for final consumption. To produce, each firm must choose a
production technique, which specifies a set of inputs to use, the factor shares associated with these
inputs, and an expected level of productivity. Firms are owned by a risk-averse representative
household and are subject to sector-specific productivity shocks. Since firms choose production
techniques before these shocks are realized, the probability distribution of the shocks affects the

input-output structure of the economy.

2.1 Firms and production functions

There are n industries, indexed by i € N' = {1,...,n}, each producing a differentiated good.
In each industry, there is a representative firm that behaves competitively so that equilibrium
profits are always zero. When this creates no confusion, we use industry ¢, product ¢ and firm ¢
interchangeably.

Firm ¢ has access to a set of production techniques A;. A technique «; € A; specifies the set

of inputs that are used in production, the proportions in which these inputs are to be combined,

adoption and diffusion of intermediate inputs.



and a productivity shifter A; (a;). We model these techniques as Cobb-Douglas technologies that
can vary in terms of factor shares and total factor productivity. It is therefore convenient to

identify a technique a; € A; with the intermediate input shares associated with that technique,

a; = (a1, ..., qp), and to write the corresponding production function as
-3 -
. > oG i
F (0, Li, Xi) = €7 A () ¢ () Ly 777 T X537, (1)
j=1
where L; is labor and X; = (Xj1,...,Xjn) is a vector of intermediate inputs. The term ¢; is the

stochastic component of a firm’s total factor productivity. Finally, ¢ («;) is a normalization to
simplify future expressions.®
Since a technique «; corresponds to a vector of factor shares, we define the set of feasible

production techniques A; for industry ¢ as
Ai =< a; € [0,1]”:2%‘]‘ <@, (2)

where the constant 0 < @; < 1 provides a lower bound on the share of labor in the production of
good 7. We denote by A = A; x - - - X A, the Cartesian product of the sets {A1, ..., A,}, such that
an element o € A corresponds to a set of input shares for each firm. As such, it fully characterizes
the production network and firms, through their choice of techniques, can influence the structure
of this network. Importantly, the set A allows firms to adjust the importance of a supplier at the
margin or to not use a particular input at all by setting the corresponding share to zero. The model
is therefore able to capture network adjustments along both the intensive and extensive margins.'”
The choice of technique «; also influences the total factor productivity of firm ¢ through the

term A; (o) in (1). We impose the following structure on A; (o).
Assumption 1. A; («;) is smooth and strictly log-concave.

This assumption is both technical and substantial in nature. The strict log-concavity ensures
that there exists a unique technique that solves the optimization problem of the firm. It also
[¢]

implies that, for each industry ¢, there is a set of ideal input shares o

that represent the most efficient way to combine intermediate inputs to produce good i.!' These

that maximize A; and

ideal shares are given by nature and might differ across industries. When deciding on its optimal

—1

1_2:;:1 Xig n agj . . . .
) Hj:1 a;; is useful to simplify the expression of the

8The normalization ¢ (a;) = [(1 =D i O
unit cost, given by (9) below. ¢ (a;) could instead be included in A; (o;) without any impact on the model.

9We impose @; < 1 to make labor essential and rule out pathological cases in which output is infinite.

0This is in stark contrast with standard network models with CES production. In those models, the share of an
input can fluctuate but it can never reach zero. As a result, these models cannot generate the destruction or creation
of links observed in the firm-level network data studied in Table 1 and in the sectoral data that we use in Section 6.

' All the proofs go through with a weakly log-concave A; (cv;) if the covariance ¥ of ¢ is positive definite.



production technique the firm will take these ideal shares into account, but it will also evaluate

how high and uncertain each input price is.

Example. One example of a function 4; («;) that satisfies Assumption 1 and that we will use in

the quantitative part of the paper is the quadratic form

n n n 2
2
log A,’ (Otz) = a? — Z K)ij (Oéij — Oz?j) — K450 Z Oéij - Z Oé?j 5 (3)
j=1 j=1 j=1
where of = (af),...,q,) represents the ideal TFP-maximizing input shares. The parameter x;;

determines the cost, in terms of productivity, of moving the j** input share «;; away from its ideal

share a7;. The last term captures a productivity penalty of deviating from an ideal labor share.

The distribution of the sectoral productivity shock ; in (1) is a key primitive of the model and
an important input to firms’ technique choices. We collect the productivities of all industries in
the vector € = (e1,...,&,), which we assume to be normally distributed ¢ ~ N (u, X). The vector
1 determines the expected level of sectoral productivities. The covariance matrix ¥, with typical
element ¥;;, determines both uncertainty about individual elements in ¢, as well as their correlation
across industries. The vector ¢ is the only source of uncertainty in this economy.

In equilibrium, ¢ will have a direct impact on prices, and the moments (i, Y) will affect ex-
pectations about the price system. For instance, a firm with a high p; will have a low unit cost
and sell at a low price, in expectation. Similarly, a high ¥;; firm is subject to large productivity
shocks which translate into a volatile price. Since production techniques must be chosen before ¢
is realized, the beliefs (u,X) affect the sourcing decisions of the firms. Returning to the example
from the introduction, if carbon fiber prices are expected to increase or to be more volatile, a car
manufacturer may switch to using steel instead for a few components. If the change is large enough,
the manufacturer may switch away from using carbon fiber altogether, in which case the link with
carbon fiber suppliers would disappear from the production network.

Importantly, we impose the restriction that each firm/industry ¢ can only adopt a single produc-
tion technique a;. Without this restriction, the firm would set up a continuum of individual plants,
each with its own technique to cover the set of available techniques A;. After the realization of the
productivity shocks &, the firm would only operate the plant that is best suited to the specific draw
€. All the other plants would remain idle. In reality, we think that fixed costs would prevent firms
for setting up all these plants. The restriction that firms can only operate one technique allows us

to capture the impact of these costs while keeping the model tractable.



2.2 Household preferences

A representative household supplies one unit of labor inelastically and chooses consumption

C = (Cy,...,C,) to maximize
C'1>’31 <Cn>/8n
U — X oo X | — , 4
<51 5n ( )

where 3; > 0 for all ¢ and Y ;" | f; = 1.12 The utility function u is CRRA with a coefficient of
relative risk aversion p > 1.13 The household makes consumption decisions after uncertainty is

revealed and so in each state of the world it faces the budget constraint
n
Y PRCi<1, (5)
i=1

where P; is the price of good i and where we use the wage as numeraire so that W = 1.1
Firms are owned by the representative household and maximize expected profits discounted by

the household’s stochastic discount factor
A= (Y) x 1/?, (6)

where Y = [T, (87 101-)& is aggregate consumption and P = [[i_, Pf * is the price index.!> The
stochastic discount factor thus captures how much an extra unit of the numeraire contributes to
the utility of the household in different states of the world. In our setting, aggregate consumption
equals aggregate (real) GDP, so we also refer to Y as GDP in what follows.

From the optimization problem of the household it is straightforward to show (see Appendix

C.1 for a derivation) that
y=-Ap, (7)

where y =logV, p = (log (P1),...,log(P,)) and 8 = (B1,...,Bn). GDP is thus the negative of the
sum of prices weighted by the household’s consumption shares §. Intuitively, when prices are low

relative to wages, the household can purchase more goods and aggregate consumption increases.

12The model can handle 8; = 0 for some goods at the cost of extra complications in the proofs.

13The CRRA assumption is necessary for the stochastic discount factor to be log-normally distributed and, there-
fore, for the model to remain tractable. The case 0 < p < 1 is straightforward to characterize but is somewhat
unnatural since the household then seeks to increase the variance of log consumption. To see this, consider that
since logY, where Y = T[], (ﬁi_lCi)m, is normally distributed, maximizing E [Ylfp] amounts to maximizing
EllogY]— 3 (p— 1)V [log Y] such that p < 1 indicate whether the household likes uncertainty in log consumption or
not. This is a consequence of the usual increase in the mean of a log-normal variable log Y from an increase in the
standard deviation of Y.

M There is a different real wage associated with each state of the world (or, equivalently, per realization of ¢).
However, since P and W are both conditional on the state of the world and only the ratio P/W matters for outcomes,
setting W =1 is simply a normalization.

5See Appendix C.1 for a derivation of A.
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Equation 7 also shows that it is sufficient to derive the vector of prices to determine GDP.

2.3 Unit cost minimization

We solve the problem of the firms in two stages. In the first stage, firms decide on which
production technique to use. Importantly, this choice is made before the random productivity
vector ¢ is realized. In contrast, consumption, labor and intermediate inputs are chosen (and their
respective markets clear) in the second stage, after the realization of e. This timing captures that
production techniques take time to adjust, as they might involve retooling a plant, teaching new
processes to workers, negotiating contracts with new suppliers, etc. We begin by deriving the
optimal input choice of a firm in the second stage, with a given production technique ;. The
resulting expressions are then used to solve the firm’s first-stage problem of choosing «;.

Under a given production technique «;, the cost minimization problem of the firm is described
by

n
K:(o:. P) = mi L: P X
i (i, P) min Hr; X i .

subject to F' (o, Li, X;) > 1,

where P = (Py,..., P,) is the price vector, L; is the labor input and X; = (X;1,...,Xj,) is the
vector of intermediate inputs.

The solution to this problem implicitly defines the unit cost of production K; («;, P), which
plays an important role in our analysis. Since, for a given «;, the firm operates a constant returns
to scale technology, K; does not depend on the scale of the firm and is only a function of the
(relative) prices P. It is straightforward to show (and we do so in Appendix C.2) that with the

production function (1) the unit cost function is
1 n
Ki (i, P)=——— || P". 9
(2 (al ) eEiAZ‘ (Oél) E 7 ( )

Equation (9) is the standard unit cost for a Cobb-Douglas production function. It states that the
cost of producing one unit of good i is equal to the geometric mean of the individual input prices
(weighed by their respective shares) and adjusted for the firm’s total factor productivity. The
unit cost K; (o, P) therefore rises when inputs become more expensive and declines when the firm
becomes more productive.

In equilibrium, competitive pressure from other firms in the same industry will push prices to

be equal to unit cost so that

Pz:K,L(OLZ,P) forallze{l,,n} (10)
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For a given network « € A, this equation, together with (9), will allow us to fully characterize the

price system as a function of the random productivity shocks .16

2.4 Technique choice

Given an expression for the unit cost of production, the first stage of the firm’s problem, which

is to pick a technique a; € A; to maximize expected profits, can be described as
a; € arg max E[AQ; (P, — K; (o, P))] . (11)
a;EA;

Here Q; is the equilibrium demand for good ¢ and the firm uses the stochastic discount factor A
of the household to weigh profits in different states of the world. Firms take prices P, demand Q);
and the stochastic discount factor A as given and so the only term in (11) over which the firm has
any control is the unit cost K; (o, P). The technique choice problem can therefore be written as

a; € arg min E[AQ; K, (ay, P)].

a;EA;

The firm thus selects a technique «; € A; to minimize the expected discounted value of the total cost
of goods sold Q; K; («;, P), while taking into consideration that final consumption goods are valued
differently across different states of the world, as captured by A. Because profits are discounted by

A, firms effectively inherit the risk aversion of the representative household.

2.5 Equilibrium conditions

An equilibrium is defined by the optimality conditions of both the household and the firms

holding simultaneously, together with the usual markets clearing conditions.

Definition 1. An equilibrium is a choice of technique for every firm o* = (af,...,a}) and a
stochastic tuple (P*,C*, L*, X*, Q*, A*) such that
1. (Optimal technique choice) For each ¢ € {1,...,n}, factor demand L} and X are a solution

to (8), and the technology choice o) € A; solves (11) given prices P*, demand Q! and the
stochastic discount factor A* given by (6).

2. (Consumer maximization) The consumption vector C* maximizes (4) subject to (5) given

prices P*.

3. (Unit cost pricing) For each i € {1,...,n},

P-*:Ki(Oé:,P*), (12)

(2

Even without imposing that production techniques are Cobb-Douglas, the system (10) yields a unique price
vector P under standard assumptions. But the Cobb-Douglas structure implies that we can write the distribution of
P in closed form, which allows us to characterize the technique choice problem in a tractable way.
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where K; (o, P*) is given by (9).

4. (Market clearing) For each i € {1,...,n},

n
j=1

Qi = Fi(o, Li, X7), (13)

K3 3

n
Y Lp=1.
=1

Conditions 2, 3 and 4 correspond to the standard competitive equilibrium conditions for an
economy with a fixed production network. They imply that firms and the household optimize
in a competitive environment and that all markets clear given equilibrium prices. Condition 1
emphasizes that the production techniques, and hence the production network represented by the
matrix o, are equilibrium objects that depend on the primitives of the economy.

The model studied above is relatively simple, but it is straightforward to extend along several
dimensions without losing tractability. For instance, we can generalize the set of techniques A; to
include lower and upper bounds on specific input shares. These bounds could be used to impose that
certain sectors need a given input to produce or, inversely, can never use an input into production.
It is also straightforward to extend the model to include multiple types of labor. In this case, we
could separate firms between domestic and foreign ones, each using only one type of labor, and
use the model to investigate the impact of beliefs and uncertainty on trade networks. Trade costs
could then be introduced by imposing that goods that are traded internationally transit through a
fictitious “transportation” sector with a productivity less than one.

On the other hand, certain ingredients are essential to keep the model tractable. Here the key
challenge comes from a fixed point between the technique choice problem and the beliefs about
equilibrium prices. The log-linearity implied by the Cobb-Douglas aggregators in (1) and (4) are
needed to keep the equilibrium beliefs tractable. While this requires a unit elasticity of substitution
in the production function (1), this elasticity only captures the response of intermediate inputs to
realized prices conditional on a chosen production technique. Since a firm’s expectations affect its
technique choice, the model is able to handle richer substitution patterns between expected prices

and intermediate inputs, as we explore in more details in Section 5.

3 Equilibrium prices and GDP in a fixed-network economy

Before analyzing how the equilibrium production network a* responds to changes in the envi-
ronment, it is useful to first establish how prices and GDP depend on productivity under a fixed

production network. These results will then be useful to characterize how uncertainty affects firms’
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choices of production techniques and how these choices, when aggregated, affect the level and
volatility of aggregate output.

To this end, we establish a first result that links the vector of firm-level productivities with
prices and GDP.

Lemma 1. For a fized production network «,
p(a) =—L(a)(e+a(a)), (14)

and

y(a)=p'La)(c+ala)), (15)
where a () = (log A; (a5) ..., 1og Ay, (an)) and £ (o) = (I — )~ is the Leontief inverse.
Proof. All proofs are in Appendix D. O

Lemma 1 describes how prices and GDP depend on 1) the vector of firm-level productivities
and 2) the production network. We will describe both of these channels in turn.

First, consider the impact of the vector of productivities € + a («). Since all elements of [
and L («) are non-negative, increases in firm-level productivities have a negative impact on prices
and a positive impact on GDP.'7 Intuitively, as firms become more productive, their unit costs
decline and competition forces them to sell at lower prices. From the perspective of GDP, higher
productivity implies that the available labor can be transformed into more consumption goods.

Second, the lemma makes clear that production techniques a matter for prices and GDP through
two distinct channels. They have a direct impact on the productivity shifters a(«) because different
techniques have different productivities. For instance, if a firm deviates from its ideal input shares,
its TFP declines which pushes for higher prices and lower GDP. However, « also affects prices and
GDP through its impact on the Leontief inverse. The matrix £(a) = (I —a) ' =I+a+a?+...
implies that the price of good ¢ depends not only on the productivity of ¢ itself, but also on the
productivity of all of its suppliers, and on the productivity of all of their suppliers, and so on.
These higher-order connections also matter for GDP and the impact of a firm’s productivity on
aggregate output depends on the firm’s importance as a direct and indirect supplier.

To characterize which producers are important suppliers, it is convenient to define the Domar
weight of a firm i as w; (o) = B'L () 13, where 1; is aa vector with a 1 as i*" element and zeros

elsewhere. We can then rewrite (15) as

y=w(a) (e +ala), (16)

17 is non-negative since £ (o) = (I — a)”' = I+a+a?+..., and o > 0. With the assumption that Do i S
this ensures that I — « is always strictly diagonally dominant and therefore invertible.
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where w (o) = (w1 (@), ...,w, (@)). As in standard models, w; is also equal to the share of firm
i’s sales in nominal GDP, so that w; = 1;%%.18 The Domar weights thus determine the relative
importance of sectoral productivity changes in an economy with a fixed production network. As
they depend only on 8 and «, Domar weights are constant in a fixed-network economy but vary
when firms are free to adjust their sourcing decisions in response to changes in beliefs. In particular,
a change in the production network that would make a given sector a more important supplier would
also increase the importance of that sector’s productivity for aggregate GDP.

Finally, Lemma 1 also shows that the price vector p and GDP y are linear functions of the
productivity vector € and, as a result inherit the normality of . This result is essential for the

tractability of the model and allows us to compute the first and second moments of GDP as

Efy(a)] =w(a) (1 +a(a)), (17)
Viy(a)] = w () Sw(a) (18)

It is clear from these equations that the production network «, through its impact on the Domar
weights w (), matters for the mean and the variance of GDP. In addition, one important implication
of (17) is that the covariance ¥ of € has no impact on expected GDP, except through its influence
on the structure of the network. It follows that whenever we discuss the response of expected GDP
to a change in uncertainty, the mechanism must operate through the endogenous reorganization of
the network.

We conclude this section with a corollary that describes the impact of firm-level shocks on the
mean and the variance of GDP. In what follows, we use partial derivatives to emphasize that the

network « is kept fixed.
Corollary 1. For a fized production network «, the following holds.

1. The impact of a change in firm-level expected TFP u; on expected GDP E [y] is given by

OE [y]
Op;

= W;.

2. The impact of a change in firm-level volatility ¥;; on the variance of GDP V [y is given by

OVl Jwi  i=1
azij Qwiwj 1 75 ]

The first part of the lemma demonstrates that for a fixed production network, Hulten’s (1978)

celebrated theorem also holds in expectational terms. That is, the change in expected GDP follow-

18See derivation in the proof of Corollary 1.
YFor i # j, the following derivative simultaneously changes ¥;; and ¥;; to preserve the symmetry of 3.
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ing a change in the expected productivity of an industry ¢ is equal to that industry’s sales share w;.
The second part of the lemma establishes a similar result for changes in volatility.?® In this case,
we see that the impact of an increase in the uncertainty of the TFP of a sector on the variance of
GDP is equal to the square of that sector’s sales share. The corollary also describes how aggregate
volatility responds to a change in the correlation between two sectors. In this case, the increase in
V [y] is proportional to the product of the two industries’ sales shares. Since Domar weights are
always positive, an increase in correlation always leads to higher aggregate volatility. Intuitively,
positively correlated shocks are unlikely to offset each other, and their expected aggregate impact
is therefore larger.

Finally, Corollary 1 emphasizes that for a fixed network, knowing the sales shares of every
industry is sufficient to compute the impact of changes to g and ¥ on GDP. In the next section,
we show that this is no longer true when firms can adjust their input shares in response to changes
in the distribution of sectoral productivity. In fact, when the network is free to adjust, an increase

in ¢ can even lead to a decline in expected GDP.

4 Equilibrium production network

In the full equilibrium the production network endogenously responds to changes in beliefs.
We begin by characterizing how firms select a production technique in this environment. We then
establish that an equilibrium exists under general conditions. We also show that there exists an
efficient equilibrium and that its associated production network is characterized by a trade-off

between the expected level and the volatility of GDP.

4.1 Technique choice

In the previous section, we described prices under a given equilibrium network «*. Here,
we use that information to characterize the problem of an individual firm ¢ that must choose a
technique «; € A;. To solve the firms’ technique choice problem, it is convenient to work with
the log of the stochastic discount factor A (a*) = log A (a*), the log of the unit cost k; (o, a*) =
log K; (o, P* (*)) and the log of aggregate demand ¢; (a*) = log Q; (a*). The following lemma
shows that these objects are all normally distributed and describes how they influence the firm’s

problem.

Lemma 2. A\ (a*), k; (o, *) and g; («*) are normally distributed and the technique choice problem

20Gabaix (2011) and Acemoglu et al. (2012) emphasize the importance of the Domar weights for the variance of
GDP.
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of the firm can be written as

a; € argarineiﬁi E [ki (o, )] + %V (ki (aiy a™)] + Cov [k (e, o), A (") + ¢; (a7)]. (19)
The terms on the right-hand side of (19) capture how beliefs and uncertainty affect the pro-
duction network. The first term implies that the firm prefers to adopt techniques that provide, in
expectation, a lower unit cost of production. Taking the expected value of the log of (9), we can
write this term as "
B [k (i, a)] = —a; (o) + Y _ oy B[py] + const,
j=1
so that, unsurprisingly, the firm prefers techniques that have high productivity a; and that relies
on inputs that are expected to be cheap.
The second term in (19) shows that the firm also prefers production techniques that lower the

variance of that unit cost. To understand this, use (9) to write the unit cost variance as

n n
V ki (g, a")] = Z a?j Vpj] + Z aijour Cov [pj, pr] + 2 Cov | —¢y, Z a;jpj | +const.  (20)
j=1 itk j=1

The variance of the unit cost can thus be decomposed into three channels, shown on the right-hand
side of (20). The first term in (20) implies that the firm prefers inputs that have stable prices. The
second term implies that the firm avoids techniques that rely on inputs with correlated prices and
instead prefers to diversify its set of suppliers and adopt inputs whose variation in prices offset each
other. The third term implies that the firm prefers inputs whose prices are positively correlated
with its own productivity shocks. When the firm experiences a negative productivity shock, the
prices of its inputs are then more likely to also be low, reducing the expected increase in its unit
cost.

Finally, the third term in (19) captures the importance of aggregate risk for the firm’s decision.
It implies that the firm prefers suppliers whose products are cheap, so that its unit cost is low,
in states of the world in which the marginal utility of aggregate consumption is high, or in which
demand for the firm’s goods is high. As a result, the coefficient of risk aversion p of the household
indirectly determines how risk averse firms are.

We will explore in more details how beliefs affect the structure of the network in general equi-
librium in the next section, but for now it is useful to highlight some of the key forces that affect

the choice of technique of a firm by considering the following partial equilibrium example.

Example (Sourcing decisions in partial equilibrium). Consider again the car manufacturer (firm
i) that can use steel (good 1) and carbon fiber (good 2) as intermediate inputs in production. The

firm must decide on the optimal shares a;; and «;o to pick. Assume that the input prices are
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p = (p1,p2) ~ N (E[p],V [p]) where the covariance matrix V [p] is diagonal. If we let the penalty
function A; (o;) take the form (3), it is straightforward to solve the minimization problem (19), and
we show in Figure 1 how the solution «] is affected by changes in the mean and the variance of ps.
We see from panels (a) and (b) that, unsurprisingly, when good 2 is expected to be cheaper, firm
1 increases ayo and lowers the share of good 1. A similar mechanism is at work when uncertainty
about py increases, as seen in Panels (¢) and (d). When V [pg] is large, the firm prefers to use
a larger share of the relatively safer good 1. Notice that the share «;o reaches zero when po is
expected to be sufficiently large or uncertain. In that case, firm ¢ severs the link with the carbon
fiber supplier and an input/output relationship disappears from the production network. In this

example, both the intensive and extensive margins of network adjustment are thus active.

Figure 1: Beliefs and input shares

(a) Impact of E[p2] on a;1 (b) Impact of E[pa] on ayo
1 \ 1 \
5 05 15 05+ 8
0 : 0 :
—-0.5 0 0.5 —-0.5 0 0.5
E[p,] E[p,]
(c) Impact of V[pa] on ay1 (d) Impact of V[pa2] on a2
1 \ 1 \
5 g 05 :

0.5/ -
0 ‘ 0\

0 0.1 0.2 0 0.1 0.2
Vip2] Vpo]

Notes: Parameters: p =5, x; = (1/3,1/3,1/3), a? = 0, af = (1/3,1/3), E[p1] = 0 and V [p1] = 0. p; is uncorrelated with
(p1,p2)-

4.2 Equilibrium existence and efficiency

The example above demonstrates how an individual firm’s technique choice responds to changes
in beliefs about input prices. However, prices are equilibrium objects that depend on the production
network and, therefore, on the choices made by other firms. Here, we first show that there exists an

equilibrium that satisfies the conditions in Definition 1. We then show that there exists a solution
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to a social planner’s problem that coincides with a decentralized equilibrium. In this equilibrium,
the production network strikes an optimal balance between maximizing the mean level of aggregate

output and minimizing its variance.

Existence of an equilibrium

Lemma 2 describes a self-map K : A — A that can be used to define an equilibrium network
a*. At a fixed point of this mapping, we have that of = IK; (a*) for all ¢ € N, where K; (a*) is
the right-hand side of (19). Hence, such a fixed point describes an equilibrium network. Lemma 3

establishes that such a fixed point exists.
Lemma 3. There exists a production network o such that o = K (a*).

The proof uses that K is a continuous mapping on the compact set A. From Brouwer’s fixed
point theorem, we then know that there exists at least one element o* € A such that a* = K (a*).2!
Given an equilibrium network o, it is straightforward to compute prices from (15). From
there, all other equilibrium quantities can be uniquely determined. The following proposition is

then immediate.
Proposition 1. An equilibrium exists.

While Proposition 1 guarantees the existence of an equilibrium, it is silent about the number
of such equilibria. However, the next subsection demonstrates that there always exists an efficient
equilibrium, which provides a natural benchmark to study since any inefficient equilibrium would
be the result of coordination failure among agents. While such coordination failures may exist in

reality, they are not the focus of this paper.

Equilibrium efficiency

There is a single household in the economy, and hence finding the set of Pareto efficient alloca-
tions amounts to solving the problem of a social planner that maximizes the utility function (4) of
the household, subject to the resource constraints (13). The next proposition demonstrates that a

solution to the planner’s problem exists, and that that solution corresponds to an equilibrium.
Proposition 2. There exists an efficient equilibrium.

From here on, our analysis will focus on the efficient equilibrium.??> This ensures that our results

are not consequences of externalities or any other market distortions, and that the forces at work

2'While the mapping K is in general not a contraction, iterating on that mapping turns out to be a convenient
method for finding a fixed point. When this fails, an equilibrium can be found by solving the planner’s problem, as
we explain below. In the appendix, we group the proof of Lemma 3 with that of Proposition 1 below.

22We have not been able to prove that the equilibrium is unique, although in our numerical computations iterating
on the equilibrium mapping from different initial conditions always lead to a unique solution. We discuss conditions
under which the solution to the planner’s problem is generically unique in Appendix D.7. In particular, we establish
a generic uniqueness result when A; (o) takes the form (3), which we will adopt for our quantitative exercises.
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in the decentralized equilibrium are fundamental features of the environment that should not be
distorted by policy makers.

Proposition 2 also allows us to investigate the properties of the equilibrium by solving the prob-
lem of the social planner directly. This last point implies that we can characterize the equilibrium

network as the outcome of a welfare maximization problem, as the following corollary shows.

Corollary 2. The efficient equilibrium production network o solves

W = maxBly ()] - 5 (p— 1) VIy (0], (21)

where W is the welfare of the representative household and y is GDP as defined in (15).

Corollary 2 follows directly from the fact that, by Proposition 2, the equilibrium network o*
must maximize the expected utility of the representative consumer. It is clear from the objective
function (21) that the consumer prefers networks that strike a balance between maximizing expected
GDP E [y ()] and minimizing aggregate uncertainty V [y («)], with the relative risk aversion p
determining the importance of each term. Another consequence of Corollary 2 is that it casts a
complicated network formation problem as a simple optimization problem. We will rely on this

result in the next section to characterize how beliefs affect the structure of the production network.

5 Beliefs, the production network and aggregate outcomes

As we have seen, the production techniques chosen by the firms depend on the mean p and
the variance Y of the productivity vector €. In this section we show how, through this mechanism,
changes in p and ¥ affect the equilibrium structure of the production network, aggregate GDP and

welfare.

5.1 Beliefs and Domar weights

In Section 3, we saw that the Domar weights are key objects to understand how changes in ¢ and
3} affect the expected level and the variance of GDP. In a fixed-network environment, these weights
are given and do not respond to changes in beliefs. In contrast, when the network is endogenous
the Domar weights are equilibrium objects that also vary with p and . The next proposition

describes the relationship between these quantities.
Proposition 3. The Domar weight w; of firm i is increasing in p; and decreasing in Y.

Proposition 3 shows that when the network is endogenous, the Domar weights are increasing in
the expected productivity of a firm and decreasing in its variance. This result can be understood

both from an individual firm’s perspective as well as from the perspective of the social planner.
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Individual producers rely more on firms whose prices are low and stable. As a result, these firms
become more important suppliers and their Domar weights increase. From the planner’s perspec-
tive, recall from (16) that the Domar weight of a firm captures the contribution of its productivity
to GDP. Since the planner wants to increase and stabilize GDP, it naturally increases the impor-
tance of more productive (larger ;) or less volatile (smaller ¥;;) sectors in the production network.
In Section 5.3 below we show that such an adjustment in the network is welfare-improving. But
before doing so, we first discuss how changes in beliefs affect the precise structure of the equilibrium

production network .

5.2 Beliefs and the structure of the production network

Proposition 3 establishes that the Domar weights respond in an intuitive and unambiguous
manner to changes in beliefs. The same is not true about the matrix o that describes the complete
structure of the production network. In fact, in some cases an increase in the expected productivity
of a producer i can even lead some of its customers to lower their usage of input 7. In this section,
we first describe how « behaves under a weak complementarity property (defined below), in which
case the effect of a change in beliefs on the production network can be sharply characterized. We
then provide examples of what may occur in a production network when the economy does not

satisfy the complementarity property.

Network response when shares are complements

In this section, we consider economies in which the functions (aq,...,a,) satisfy the following

property.

Assumption 2 (Weak Complementarity). For all i, a; satisfies Pai(ai) >0 forall j # k.

a0y,

Assumption 2 defines a weak complementarity property between the shares that a producer
allocates to its suppliers. It states that as a firm increases the share of one input, the marginal
benefit of increasing the share of the other inputs weakly increases as well. In the context of the
function (3) described in our earlier example, weak complementarity is satisfied if x;9 < 0.

The following lemma shows that the impact of g and 3 on the equilibrium network is straight-

forward when Assumption 2 holds.

Lemma 4. Let o* € int(A) be the equilibrium network and suppose that Assumption 2 holds.
There exists a scalar ¥ > 0 such that if |X;;| <X for all i, j, there is a neighborhood around o* in
which

(i) an increase in pj leads to an increase in the shares o, for all k,1;

(it) an increase in Xj; leads to a decline in the shares aj; for all k,1;
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(i) an increase in X;j leads to a decline in the shares o, for all k, 1.

Part (i) of this lemma shows that when p; increases there is a widespread increase in input shares
throughout the economy. To understand this result, it is useful to decompose the impact of the
change into three channels: 1) the direct impact, 2) the indirect impact, and 3) the complementarity
effect. First, the increase in y; makes good j cheaper in expectation which pushes all of j’s direct
customers to increase their share of j in production. Second, all of j’s customers now benefit from
cheaper input prices, which makes their own goods cheaper through competition, and so other
firms are also increasing their share of these goods into production (indirect effect). Finally, these
increases in shares from the direct and indirect effects push firms to adopt techniques with higher
input shares, because of the complementarities implied by Assumption 2. Taking these effects
together, all shares « in the economy increase, and so the entire production structure moves away
from labor.

Parts (ii) and (iii) of Lemma 4 provide similar results for increases in uncertainty and in cor-
relations. As discussed in Section 4.1, firms prefer suppliers with stable and uncorrelated prices.
As a result, the additional risk introduced by a higher 3;; pushes firm j’s direct and indirect cus-
tomers to reduce their exposure to j. Similarly, an increase in the covariance X;; pushes firms to
avoid inputs ¢ and j. The complementarity effect is also at work, and so firms overall move toward

production techniques that are more labor intensive.??

Substitution between input shares

Lemma 4 makes sharp predictions about how the structure of the network responds to changes
in the productivity processes at the cost of an assumption about the functions (ay,...,a,). This
restriction imposes some form of complementarity between input shares, but the model can handle
much richer substitution patterns. To give an example of what these patterns might involve, we can
again go back to our car manufacturer example. Suppose that the price of carbon fiber is expected
to decrease (higher ficarbon). The firm might respond by increasing the share of carbon fiber and
decrease the share of steel it uses in production. At the same time, it might purchase additional
equipment that is needed to handle carbon fiber. The endogenous technique choice thus allows for
both substitution between steel and carbon fiber and complementarity between carbon fiber and
equipment.

The theory, through the constraints embedded in the set A and the shape of the functions

(ai,...,ay), is rich enough to accommodate some inputs that are complements while at the same

23The assumption o* € int (A) in Lemma 4 is needed to avoid potential substitution patterns between firms.
For instance, if > | cix = @; for a given firm ¢, an increase in u; might lead to a decline in some aux, k # j,
to accommodate an increase in «;;. The restriction on ¥ is needed to prevent a strong uncertainty feedback. For
example, if all firms increase their reliance on sector j (e.g., due to an increase in p; or a reduction in Xj;;), the
economy’s exposure to j’s risk may become so large that it will be optimal to reduce ay; for some k. This does not
happen when ¥ is sufficiently small.
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time others are substitutes. For instance, if the constraint ZZ:1 ;. < @; binds, firm ¢ might need
to lower the share of another input k to be able to increase «;; after a decline in the expected price
of 7. In this case the shares of j and k would be substitutes. Similarly, some functional forms for
a can generate complementarities between inputs. As an example, consider the function a (o) =
— (a1 — ozfl)2 — (a1 — ai2)2. In this case, any increase in «y;; will be accompanied by additional
incentives to increase «;2. The function a can also be specified to generate substitutabilities through
the last term in (3), by setting x;o > 0.

Figure 2 provides an example of how substitution patterns might arise in equilibrium when we
relax Assumption 2. Panel (a) shows the equilibrium network in an economy in which all firms are
identical except that firm 4 is less productive and, as a result, does not sell to other firms. Panel
(b) shows the same economy except that 9 is now more volatile. In response, other producers seek
to diversify their set of suppliers and create new supply relationships with firm 4. In panel (c) e,
becomes even more volatile. As a result, all producers drop firm 2 as a supplier and reinforce their
connection to firm 4. In this example, the substitution comes from the fact that firms do not want

to deviate too much from an ideal labor share (last term in (3)).

Figure 2: Uncertainty and the equilibrium network

(a) Initial network (b) Small increase in a2 (c¢) Large increase in o2

Notes: Arrows represent the movement of goods: there is a solid blue arrow from j to 4 if o;; > 0. Dashed gray arrows indicate
a;; = 0. ais as in (3) with af = 0 for all 4, k;; = 1 for all i # j, k;; = oo for all 4, af; = 1/10 for all ¢ # j, and af; = 0 for
all i. 8; = 1/n for all &. pu = 0.1 except for pua = 0.0571. ¥ = 0.3 X I,xn in Panel (a). Panel (b): same as Panel (a) except
Y22 = 0.35. Panel (c): same as Panel (a) except X223 = 1. The risk aversion of the household is p = 5.

Cascading flight to safety

When input shares are substitutes a small change in the volatility of a firm can push multiple
producers to sequentially switch to safer suppliers. To give an example of that process, consider
the simple economy depicted in Figure 3. Firms 4 to 7 can only use labor as an input, but firms
1 to 3 can each source inputs from two potential suppliers, indicated by the arrows. The model is

parameterized such that shares of these suppliers are substitutes. When the productivity of firm 4
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is uncertain (left figure), other producers avoid using it as a supplier. But as ¥44 decreases, firm 3,
seeking a stable supply of goods, switches to using good 4 as an input. As a result, firm 3’s price
becomes less volatile which pushes firm 2 to use good 3 in production. The same logic applies to
firm 1, which also switches to the less volatile price provided by firm 2. As we can see, a change in
the uncertainty of a single firm can lead to a cascading movement to safety. Because uncertainty

about each firm’s input prices is now lower, aggregate uncertainty also decreases.

Figure 3: Cascading impact of >4y

a L <L
Y Y Y

(a) High uncertainty about &4 (b) Low uncertainty about 4

Notes: Arrows represent the movement of goods: there is a solid blue arrow from j to i if o;; > 0. Dashed gray arrows indicate
a;; = 0. ais as in (3) with a? = 0 for all 4, k;; = O if there is a potential link between two firms and infinity otherwise.

afj = 0.5 if there is a potential link, and 0 otherwise. u = 0 except for pqg = 0.1. In the left figure, ¥ is diagonal with ¥;; = 0.1
for all 7 except 44 = 1. In the right figure Y44 = 0. The risk aversion of the household is p = 2. 8; = 1/n for all i.

5.3 Implications for GDP and welfare

Above we analyzed how the production network responds to changes in beliefs about the pro-
ductivity process. What the household ultimately cares about though is the level and variance
of consumption, and we now turn to the implications of an endogenous production network for
macroeconomic aggregates. We have already established in Corollary 1 how changes to the mean p
and the variance Y of productivity affect aggregate output when the production network is fixed.
Here we generalize these results to our environment with an endogenous network, and further show
that some changes to the productivity process can have counterintuitive effects when the network

itself responds to changes in the distribution of shocks.

Uncertainty and expected GDP
We begin with a general result that shows how GDP reacts to uncertainty.

Proposition 4. Uncertainty lowers the expected value of GDP in equilibrium, such that E [y] is

largest when ¥ = 0.

Proposition 4 follows directly from Corollary 2. When there is no uncertainty (3 = 0), the
variance V [y ()] of GDP is zero for all networks o € A, so that the equilibrium network maxi-
mizes only the expected value of GDP. When, instead, the TFP vector is uncertain (X # 0), the

equilibrium network also seeks to lower V [y (a)], which necessarily leads to a lower expected GDP.
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Proposition 4 establishes a novel mechanism through which uncertainty reduces expected GDP.
To understand why, consider the technique choice from the firm’s perspective. When there is no
uncertainty, firms do not worry about risk and move toward cheaper suppliers, which tend to also be
the most productive, and toward more productive techniques. As a result, the aggregate economy
is particularly productive, and GDP is large. When some suppliers become risky, firms worry that
their inputs might become expensive and, to prevent large fluctuations in their own unit cost, start
purchasing from more stable but less productive suppliers. As a result, the aggregate economy
becomes less productive and expected GDP falls.

The endogenous response of the network is essential for the result of Proposition 4. Indeed, in
our model uncertainty affects expected GDP only through the endogenous response of the firms’
sourcing decisions. As a result, the mechanism through which uncertainty lowers expected GDP is
only active when the production network is flexible. If instead the shares a were fixed, uncertainty

would have no impact on E [y].

Beliefs and welfare

Proposition 4 establishes that any amount of uncertainty decreases expected GDP when the
network can adjust to changes in the productivity process. Here, we investigate how the distribution
of shocks affects welfare. As we will see, the endogenous response of the network matters here as
well. Throughout this section, we again use partial differentiation to indicate that a derivative is
taken keeping the network « fixed.

We begin by establishing that the impact of changes in the productivity process on welfare W,
as defined in (21).

Proposition 5. When the network « is free to adjust to changes in v and 3, the following holds.

1. The impact of an increase in u; on expected welfare is given by

W OE[]
dpi — Opg

= W;. (22)

2. The impact of an increase in ¥;; on expected welfare is given by

w _[=30-0(F) =—te-net = (23)
T - GEGE =~ (- Dwwy i#]

This proposition follows directly from applying the envelope theorem to (21). Its first part
states that the impact of an increase in p; on welfare is equal to its marginal impact on expected
GDP taking the network o as fized. By Corollary 1, this quantity is also equal to the Domar weight

w; of firm 4. Since Domar weights are positive, it follows that an increase in u; always has a positive
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impact on welfare. The second part of the proposition provides a similar result for an increase in
¥;j. In this case, the impact of the change is proportional to the product of the Domar weights w;
and w;. Again, (23) implies that an increase in uncertainty must necessarily lower welfare when

p>1

Amplification and dampening

One important consequence of the endogenous reorganization of the network is that changes
that are beneficial to welfare are amplified while changes that are harmful are dampened. The

following proposition establishes this result formally.

Proposition 6. Let a* (11, 3) be the equilibrium production network under (u, X)) and let W (v, 1, 3)
be the welfare of the household under the network . Then the change in welfare after a change
from (u, %) to (i, %) is such that

W (" (1, 2) 1\ 2) =W (e (1,8), 